A SPECTRAL THEORY FOR INNER FUNCTIONS

BY
MALCOLM J. SHERMAN

Let % be an inner function in the sense of Lax; i.e., #(e') is almost everywhere
a unitary operator on a separable Hilbert space 5, and % belongs weakly to the
Hardy class H2. Inner functions arise from subspaces of HZ invariant under the
right shift operator (“invariant subspaces’’) and from bounded operators on #
in ways to be specified. We are interested in finding canonical forms for and
invariants of inner functions, and where an inner function comes from an operator
on S, in relating the invariants of the inner function to those of the operator. For
basic definitions and notations consult [5, particularly Chapter VI], or [15].

1. Eigenfunctions. We will say that an inner function % is finite dimensional
if the underlying Hilbert space 5 is finite dimensional. The simplest inner functions
are then finite dimensional diagonal ones; i.e., of the form
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where the ¢’s are inner functions in the sense of Beurling, which we will call scalar
inner functions. The ¢’s look like eigenvalues and we begin with the following
definition.

DEerINITION 1.1. A scalar inner function ¢ is an eigenfunction of an inner function
% if the set of z in the disk |z| =1 such that #(z)—q(z)I has a bounded inverse
is at most a set of linear measure 0 on the circle {z : |z| =1}. The set of such g¢’s
will be called the spectrum of #.

If % is finite dimensional this condition reduces to det (# —ql)=0 (where the
boundary value function need vanish only almost everywhere). Since an H?
function which vanishes on a set of positive measure on the circle vanishes identi-
cally it would suffice to assume % —qI not invertible on a set of positive measure
on the circle. If 5 is infinite dimensional the two conditions are not equivalent
as will be shown later. (See the comments following Corollary 3.6.) Notice that g
is determined uniquely as a point function for |z| <1, and not just up to a scalar
factor of modulus 1.

The first point to be made about eigenfunctions is that one should not expect
them always to exist. For example, if 5 is 2 dimensional any eigenfunction g of
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% is a solution of ¢2—(tr #)q+det % =0. For each z, ¢(z) is given explicitly by
the formula for the solution of a quadratic, and g will be analytic for |z| < 1if and
only if all roots in the interior of the disk of the discriminant (tr #)*—4 det %
are of even order. One can write down inner functions where this fails. For example,
it is not the case for appropriate choices of A and p if we take
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where ¢,(z) is the Blaschke factor (z— A)(1 —Az)~*. From a more general point of
view we are looking for roots of polynomials over the ring of H* functions, and
the latter are far from being algebraically closed. However, just as selfadjoint real
matrices have eigenvalues we might expect important classes of inner functions to
possess eigenfunctions.

The most natural questions then are which inner functions are similar to diagonal
inner functions and which have eigenfunctions. We answer the first question com-
pletely (Theorem 2.5) after giving an infinite dimensional generalization (Definition
2.1) of the concept of a diagonal inner function. We answer the second question-
when S is finite dimensional (Theorem 5.6) and are able to characterize those
finite dimensional inner functions the sum of the multiplicities of whose eigen-
functions is maximal (Theorem 5.4). We also determine the spectrum of certain
inner functions which arise naturally from bounded operators on 5 (Theorems
3.4 and 3.5), and give a simpler condition than Theorem 2.5 for these to be of scalar
type (Theorem 4.3).

2. Inmer functions of scalar type.
DEFINITION 2.1. An inner function % is said to be of scalar type if there exist a
Borel function f(z, $) and a spectral measure E on the unit circle such that

20 = [ feHdE@, el s 1.

For the above integral to be defined it is sufficient that f(z, ¢) be measurable in
¢ for fixed z. However, in order to conclude that f has some analytic structure we
need the Fubini theorem and so assume joint measurability.

PROPOSITION 2.2. Let E be a spectral measure on the circle and let f(z, ¢) be a
Borel function such that the functions f,(z)=f(z, ¢) are scalar inner functions except
possibly for ¢ in a set of E measure 0. Then %(z)={ f(z, $) dE($), |z| <1, is an
inner function. Conversely, if f(z, ¢) is Borel and U(z)= | f(z, $) dE($) is inner,
there exists a Borel function g(z, ¢) such that

(@) f(e”, )=2g(e", ¢),

(ii) for fixed z, g(z, $)=f(z, ¢) except possibly for ¢ in a set of E measure 0;

i.e., g induces the same %,



1969] A SPECTRAL THEORY FOR INNER FUNCTIONS 389

(iii) the functions g,(z)=g(z, $) are scalar inner functions except possibly for ¢
in a set of E measure 0.

Proof. The Fubini theorem implies that [ %(e')e™® d8=0 for n>0. Since
f(z,, ) converges boundedly to f(z, $) as z, converges to z we see that %(z) is
continuous when |z| < 1. Morera’s theorem and another application of the Fubini
theorem imply that %(z) is analytic for |z| <1. Since f(re'’, ) converges a.e. to
f(e', ¢) for almost all [E], %(z) must be the analytic extension to the disk of
U(e"*). Conversely if %(z)={ f(z, ¢) dE(¢) is inner the Fubini theorem implies
that [ f(e*, $)e™® d6=0 for n>0 for almost all $[E]. Since %*(z)= [ f(e*, $) dE(¢)
we must have |f(e', #)|=1 a.e. in @ for almost all $[E]. We then, following a
suggestion of the referee’s, define g(z, ¢) to be the analytic extension to the disk
of f(e'%, ¢). Since

Dy <1

t=1 ¢

8 ) = 57 |

g is jointly measurable and by the above induces an inner function with the same

boundary values as %.
If % is of scalar type clearly %(z)%(w)= %(w)%(z) for |z|, |w|<1. We now
prove the converse.

LEMMA 2.3. Let % be an inner function such that U(e*®)%(e'®)= %(e'®) U(e')
for almost all 0, ¢. Then the Fourier coefficients of % are a commuting family of
normal operators.

Proof. Let %(z)=>7.o T,z" Then T,=(1/2m) [3" U(e'®)e~™° df, where we can
take the integrals in the weak sense. One easily checks that for all x, y € ¢

(T, ) = 3 [[ () U, p)e-oe=me dp ds,
which implies 7, 7T,,=T,T,. We also have

(TT2%,9) = 3oz [ (€ ey, pemo-o a o,

(T3Twx,9) = 33 [[ (U aeoyx, yyeme-o a do.

These are equal since
U(e')* U(e'®) U(e®) U(e¥)* = U(e®)* U(e'®) U(e'®) U(e')*.

If one assumes the equivalence in a separable Hilbert space of the weak integral
and various more direct approaches to integration, a perhaps more illuminating
proof of the lemma results from the observations:

(i) a finite linear combination of commuting normal operators is normal;
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(ii) the integral for T, is the limit in norm of finite linear combinations of the
U(e*)’s.

COROLLARY 2.4. If % satisfies the hypothesis of the lemma then
(i) #%(z) is normal for |z| <1,
(i) #%(z)U(w)= U(w)U(z) for |z|, |w|<1.

THEOREM 2.5. An inner function % is of scalar type if and only if U(e'®) %(e'®)
= U(e'®) U(e*) for almost all 8, $.

Proof. Let %(z)=3>32_, T,z". By the lemma the T,’s are normal and commute.
By a well-known theorem [14, p. 36] of von Neumann there exists a self adjoint
operator T such that every T, is a bounded Borel function of 7. Let U=(T—il)
-(T+iI)~%, the Cayley transform of T. U is unitary, 1¢ o(U) [2, p. 569] and
T=i(I+ U)(I-U)~*. Thus T=g(U), where g(A)=i(1+A)(1+A)~! and every T, is
a bounded (on o(U)) Borel function f, of U. Thus

Q) = 3 0 = 3, 1 dE®),

Since || T,||=E—ess sup |fo|=|(1/27) [ %(e*®)e~™° df]| <1, we can invert the order
of integration and summation for |z| <1, getting

@) = jf(z, $AE@), 2| <1

where f(z, ¢)=2 fn($)z". Since
|%@)| = Eess sup |f(z, §)| < 1

fo(z) is a bounded analytic function for almost all ¢[E]. We can thus extend
f+(2) to fs(e'). For all x, y € o

(#(e*)x, y) = lim (%(re”)x, y) = lim jf (re®, ¢) d(E($)x, y)

- f f(e®, ) d(E(@)x, y),

and therefore %(z)={ f(z, ) dE($) for |z| < 1.

3. Operators and inner functions. We next show that there is a reasonably
large supply of inner functions of scalar type. If T'is a bounded operator on the
underlying Hilbert space, ||T| <1, there are at least two natural ways of associating
to T an inner function. One, due to Rota [13] and Lowdenslager, assigns to T’
any inner function %, corresponding to the invariant subspace of H% which is the
orthogonal complement in HZ, of all elements of the form

e+ (Te)z+(T2%e)z2+(T3e)z%+ - - -,
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where e € # (the underlying Hilbert space). The other, due to Potapov [12, p. 145],
involves the explicit formula

V2(z) = ([-T*T) Y2z = T*)(I—2T)~ (I~ TT**2,

It is known [15] that if T is normal, a Rota inner function is given by %.(z)
=(z—T*)(I—zT)" ! and, of course, ¥ reduces to this when T is normal.

COROLLARY 3.1. ¥7 is of scalar type if T is normal.

Proof. Let T have spectral measure P. Standard properties of spectral integrals
[4, p. 61] imply
z—2A
%@ = [ oy
and that the values of 7 commute.

If T'is selfadjoint it is easy to visualize the representation of ¥7 as [ f(z, ¢) dE(4).
One simply transfers the spectral measure P of T from the real axis to the circle
(or uses the spectral measure of the Cayley transform) and then

2n Z—(ﬁ

%o = [ @)

for P thus modified. If T is normal but not selfadjoint one needs the full strength
of the theorem. For example, let T have spectrum o(T)={A: |A|=4}. Then
o(¥7(2)) is the image of o(T) under the map A — (z— A)(1 —Az)~*. But

o(¥1(2)) = o(f(V)) = fi(o(V)),

where by f,(o(U)) we mean the essential range [4, p. 52] of £, on o(U), the notations
(f and U) coming from the proof of Theorem 2.5. Thus for fixed z the function
f(z, ¢) maps the unit circle {z : |z] =1} onto a set with interior. An explicit con-
struction would present difficulties.

For an inner function %, o( %) will denote the set of eigenfunctions (Definition
1.1) of #. If T is an operator o(T) is the spectrum of T. If one identifies a constant
function with its range these definitions are consistent for T a unitary operator
(constant inner function).

THEOREM 3.2. If T is normal, |T| <1,
o(71) @ {gx : Ae o(T)}
where q,(z) is the Blaschke factor (z— A)(1—Az)~1.

Proof.
Vi(z) = f (=X —Az)~* dP(Y),

where P is the spectral measure of T. If u € o(T) then for fixed z

z—2A Z—p

8N = T~
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is a continuous function of A which vanishes at a point of o(7T") and therefore

z—X z—-@
[1 -z 1- ,uz] aP(),

Yile)—gae)l = f

. . . IYES!
is not invertible.

THEOREM 3.3. If T is selfadjoint, |T| <1, then o(¥7)={q, : A€ o(T)}.

Proof. If g € o(¥7) then for every z there is a (real) number A(z) € o(T) such
that
z—X2) _
_l_—Z—)TZ—)_q(Z) = 0.
Solving for A we get A(z)=[z—q(z)][1 —zq(z)]~*. This is a real analytic function
and therefore constantly equal to u, where u € o(T). Clearly then

q(z) = (z—p)(1—p2)~*.

THEOREM 3.4. If T is normal and q € o(¥7) then there exists u € o(T) and a complex
number o, |a|=1, such that

I el L2

q(Z) =« 1__ uz

Proof. As above, if g € o(77) there is a function A(z) whose range is contained

in o(T') such that
z—Mz)
@) 1@

Let |T||=1—e. Then o
A )
9@l 2 =0

and if |z| 2 1 —¢/2 we have |g(z)| = /4. Thus g has no zeros with modulus =1—¢/2
and therefore only finitely many zeros. Using the known structure [8, p. 67] of
inner functions it is easy to see that if ¢ has a singular part corresponding to a
measure v, and € is in the support of v, then lim inf,_, g(re’®)=0. Thus ¢ is a
finite Blaschke product. Clearly g(1)=0 if and only if @=A(x) and thus the zeros
of g are in o(T*). It remains to show that g has only one zero. Solving simultane-
ously the equations
Nz)—29(2)Nz) = z—q(2)
—24(2)M(2) + X(2) = Z2—4(2),

we get

z[1 - 1g(2)*1-4(@)[1 — |2|?]
* MNz) =

© @ EEek

Thus for |z| < 1, A(2) is uniquely determined by ¢(z) and depends continuously on z.

Clearly

|/\(z)| > |Z—q(z)| > Iz—q(z)l,

[T = 2 ol < 1.
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If sup, <, |z—q(z)|=2, then g ¢ o(¥7) since Az)ea(T)<={z: |z|=|T|=1-¢}.
Obviously sup,, <; |z—¢(z)]=2 is equivalent to the existence of 6 such that
q(e'®)= — €%, which is to say that —gq has a fixed point on |z| =1. It follows from the
Lefschetz fixed point theorem [11, p. 157] that if g has degree #1 (i.e., if g(z) has
more than one zero inside the disk) then g has a fixed point on the circle. An analytic
proof can be given as follows. Define

8(0) = argg(e*)—(6+2m).

Then g(0) <0 and g(2=)2= 0 if g has more than one zero. Clearly g(6) =0 is equivalent
to g(e'®)=e'.

The geometrical nature of the fact that sup |z—g(z)| =2 emerged during a con-
versation with Mr. Michael Behrens, for which observation the author would like
to express his thanks to Mr. Behrens.

We observe that one can have «g, € o(¥7) for a#1. For example, if T has
spectrum {A : |A| =1/2} and we put g(z) =z, then by (*)

e = =2 < 41—l

Thus if |1 —a|£1, g € o(¥7). This phenomenon depends only on the geometry of
o(T), and mostly on the distance from a point u € o(T*) to p(T*).

THEOREM 3.5. Let T be normal with j € o(T) and let y=inf,4;ce, | —z|. Then
(@) g, €o(¥7) if [l —«| =y,
(ii) og, ¢ o(¥3) if |1 —c| ] >y and |1—a] [1—p|>2y.

Proof. Let g=g, and let A be the function (*) corresponding to «g. Then by (*)

_ 1 -1g@)*1-a4(2)[1 — |2|*] _ 2[1—|9(2)|?] —q(2)[1 — |z|*]
1-{zq(z)[* 1-|zq(z)[?

— (1 — i L=z
= (1-9)q(z) l_lzq(z)lz'

Nz)—p

Thus |AM(z)—p| = |1 —«|, which proves (i). Since

r—|uf
1—{ulr

b

inf Jg(2) = |
we get
g(z)[1—|z|?]
1-|2q(z)[?
By elementary calculus g has no relative extreme points for 0 <r< 1. We note that
|g(0)| =|u| and g(1)=(1 — |u|)/2 from which (ii) follows.

L (=l = lur)
= 1=2ulr+r?

= g(r).

COROLLARY 3.6. If T is normal and o(T) has no interior then

o(¥7) = {gr : A e o(T™)}.
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In particular, the conclusion holds if T is selfadjoint (Theorem 3.3) or if S is
finite dimensional.

A few general remarks seem appropriate here. Had we defined o(%) by the re-
quirement that %(e'’) —q(e*°)I not be invertible on a set of positive measure on the
circle we would get the same finite dimensional theory, although Theorems 3.3 to
3.6 would fail using this definition, as we now show. If T has real spectrum then
(see Theorem 3.3)

z—4(z)
) = Ty

If we take g(z)=z2 then A(e*) is real and it is easy to see that |A(e")]S1—cona
set of positive measure, and also [A(e®)| = 1—e on a set of positive measure. Thus
for appropriate selfadjoint T we would have z2 € o(¥#7) if we used the weakened
definition. Another possible definition of o(%), and a natural one considering that
(z)is completely determined by #(e'), is to require that %(e'®) —q(e'®)I be invertible
almost nowhere on the circle, with nothing said about the situation inside the disk.
We do not know if this definition is equivalent. If T is selfadjoint, then o(¥7)
={g, : A € o(T)} using this last definition, which we now prove. We observe that
1—2q(z) is bounded and (as observed to the author by Helson) has positive real
part and is therefore outer [8, p. 76]. Thus A(z) € H?2, and since it has real boundary
values it must be constant. Thus Theorem 3.3 would remain true using the weakened
definition. Whether or not Theorem 3.4 would remain true is open.

Another definition of the spectrum of an inner function % is the set of all complex
numbers A such that

(i) () is not invertible if |A| <1, or

(i) %(z) cannot be continued analytically past A if [A|=1.

This set is known to be the spectrum of the restriction to ¢ of the adjoint S*
of the right shift operator S acting in HZ,, where X is the complement in HZ of
#H?2,. (This characterization is due to Lax and Phillips [10] for |[A| <1 and to
Helson, Srinivasan and Wang [5, p. 74], in the general case.) It is clear that if #
has a scalar inner function ¢ in its spectrum and g(A;)=¢(A;)=---=0, then
A1, Ay, ... are in the spectrum of % in Helson’s sense. To illustrate the difference:
if o is 2 dimensional and we let

z 0
z) = z(%)l and Uz = (0 =3 )
1-3z
then the scalar spectrum of both # and 7" is {0, 4}, whereas in our sense # has
spectrum ¢q(z)=z(z—3)(1—4z)~! and ¥  has spectrum g¢;(z)=z and g.(z)=
(z—3)(1 —1z)~1. Thus the spectrum in our sense can be both more delicate, as in
the example, and less delicate, as when it is empty.

4. Adjoints of inner functions. All examples of well behaved inner functions
have so far come from normal operators. The latter are defined by the property of
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commuting with an adjoint. It is natural then to seek an adjoint for inner functions.
Lemma 4.2 tends to justify the definition and Theorem 4.3 gives a simpler condition
than that of Theorem 2.5 for Potapov inner functions to be of scalar type.
DEFINITION 4.1. Let %(z)=%(3)*.
It is easy to check that U(e®)e™® d9=0, n=1, 2, ..., if % is inner.

LEMMA 4.2. ¥z ="7., where ¥y is the Potapov inner function
(I_ T*T) - 1/2(ei0 —_ T*)(I_ e{OT) - 1(1_ TT*)112.
Proof.

Vope— «/?; = (I-TT*)~Y2[(e® — T)(I— e*T*)~}(I— T*T)
— (I-TT*(I—-e°T*)" (e~ T)|(I-T*T)~ 2.

Putting
(I—e°T*)-! = Z (T*)rem,
n=0

and comparing the Fourier coefficients of the two terms inside the bracket, one
sees that this expression vanishes identically.

THEOREM 4.3. ¥;¥7="1¥ if and only if T is normal.

Proof.

V(€)Y (") — V()Y 2(e")
= (I=T*T)~ V(e — T*)(I— °T) (&' — T)(I— e°T*)~}(I— T*T)*'2
_ (I— TT*)llz(ete _ T)(I— e£0T*) - 1(eto _ T*)(I— e“’T) - 1(1_ TT*)1I2.
Evaluating at z = 0 we get
(I_ T*T) - 1/2(T*T)(I_ T*T)IIZ — (I_ TT*)I/Z(TT*)(I_ TT*)I/2.

Since T*T and TT* are selfadjoint operators the three terms on the left commute
with each other, as do the terms on the right. Thus we get T*T=TT?*.

5. Spectral inner functions. We turn now to the problem of characterizing
those inner functions which have eigenfunctions. Our best result in this direction
(Theorem 5.4) is finite dimensional.

LemMA 5.1. Let % be a finite dimensional inner function and let q € o(%). Then
there exists F#0, Fe H%,, such that UF=qF.

Proof. Let A=%—ql. Then AF=0 in H% if and only if (F, 4*G)=0 a.e. for
all G e H%, where (-, -) is the inner product of 5 The dual of a theorem of
Cambern [5, p. 93] asserts that if B is any conjugate analytic finite dimensional
operator valued function, then the pointwise orthogonal complement of the range
of B is the range of an analytic operator valued function. Letting B=A*, and
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noting that det B=0 implies that the pointwise complement of the range of B is
nontrivial, the lemma follows.

A direct proof of the above can be given by finding explicit formulas in terms
of subdeterminants of % —ql for f1, f5, . . ., f,, Where F=f e, + foes+ - - - +f,e,, the
e;’s being an orthonormal basis for £ The author thanks the referee for pointing
out the applicability of Cambern’s theorem.

DEerINITION 5.2. The multiplicity of an eigenfunction ¢ of % is the dimension
of the smallest range function ¢ such that

{FEH% : UF = qF} < M,
where
My = {Felly : F(e¥) e #(e) ae.}.

A range function _# is a mapping from the unit circle to closed subspaces of .
JF is said to be analytic if there is a denumerable family {F;} of elements of H%
such that _#(e'*) is a.e. the closed span of the vectors {F;(¢'*)}. In this case it is
known that we can find an at most denumerable family {E;}< HZ, such that {E;(e'*)}
is a.e. an orthonormal basis for _#(e'*). The number of E’s is then the dimension
of #. In particular, if ¢ is analytic, the dimension of #(e'*) is a.e. constant. For
proofs and further information consult [5, pp. 65-66, 91-99] or [7, pp. 207,
210-212].

DEFINITION 5.3. A finite dimensional inner function % is spectral if the sum of
the multiplicities of its eigenfunctions is the dimension of 5.

THEOREM 5.4. A unitary operator valued function % is spectral if and only if U
is inner and U =YDV *, where D is a diagonal inner function and ¥ is an arbitrary
unitary operator valued function. If % is spectral ¥~ can be chosen to be inner with
outer columns.

Proof. Sufficiency is clear. Let ¢4, ¢s, . . ., g, be the eigenfunctions of % and let
M;={F e H% : UF=q;F}. Then each .#, is an invariant subspace and we choose
Lax vectors [5, pp. 60-63] E, E,, ..., Ey, where the first n, of these belong to
M, the second n, to #,, and so forth. In other words E,, E,, ..., E,, are the
columns of the partial isometry %, such that #%,H% =.#,. It is clear that the E’s
are outer; i.e., if we define a range function _Z by _%(e'*)=linear space of Ei(e'*),
then #, N HY is the invariant subspace spanned by E;. One checks easily that
UV =¥"9D, where ¥ is the inner function whose ith column is E,.

DEFINITION 5.5. A scalar inner function g belongs to the point spectrum of #
if there exists F#0, F e H%, such that ZF=qF.

The following should then be clear.

THEOREM 5.6. (i) If % has point spectrum q., q,, . . . whose eigenvectors span ¥
a.e., then U="7"2Y* where 9 is the infinite matrix diag (q., 4z, . . .) and V" is inner.

(ii) If % has eigenvectors E,, E,, . .. then U="V"DV"*, where D is diagonal when
restricted to the subspaces spanned by the eigenvectors.
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Finally, we note that while it is possible to construct N dimensional inner
functions whose eigenfunctions have total multiplicities equal to any integer
between 1 and N—2, the following result, especially useful when N=2, is valid.

THEOREM 5.7. If % has eigenfunctions q,, q,, . . ., g, of multiplicities ny, ny, . . ., n;
where ny+ny+ - - - +n,=N—1 then

_ det %
7= @@

is an eigenfunction and % is spectral.

Proof. Let A4 ;={Fe H% : %;F=q,;F}. Then #,® -- @ A, is pointwise in-
variant under the normal operator #(e'), for almost all 8. Thus for almost all 6,
the one dimensional perpendicular complement in 5# is invariant, and therefore
an eigenvector with pointwise eigenvalue g(e*). Thus ¢ is an eigenfunction and it
follows from Theorem 5.1 that we can choose the pointwise eigenvectors so as to
define an element of HZ,.

We conclude by mentioning some new problems. An invariant subspace deter-
mines an inner function only up to a constant inner factor on the right [5, p. 64],
and since the class of all inner functions of the form 2%%2*, where €, 2 are
constant inner functions, is the same as the class of all inner functions of the form
€U, the following concept is natural.

DEerINITION 5.8. Inner functions %, ¥ are equivalent if there exist constant inner
functions €, 2 such that #=¢7"2.

The basic question is, when are % and ¥~ equivalent. None of the concepts formu-
lated in this paper seem to help. % can have eigenfunctions, but not ¥- % can
be of scalar type, but not #_
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